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-extension of twisted holomorphi
setions of singular hermitian line bundles.
Nefton Pali
Abstrat
We prove a sharp Ohsawa-Takegoshi-Manivel type L2-extension re-
sult for twisted holomorphi setions of singular hermitian line bundles
over almost Stein manifolds. We establish as orollaries some extension
results for pluri-twisted holomorphi setions of singular hermitian line
bundles over projetive manifolds.
1 Introdution
The L2-extension problem that we will onsider an be formulated in a vague
way as follows. Let Y be the zero set of a generially transverse holomorphi
setion σ of a hermitian vetor bundle E over an almost Stein manifold and
let L be a hermitian line bundle satisfying suitable urvature onditions with
respet to the urvature of E and a quasi-plurisubharmoni weight ϕ. Then
any holomorphi setion of KX + L satisfying a ertain L
2
-ondition with
respet to ϕ admits an extension with uniform L2-estimate.
The lassi situation, whih has been rst onsidered in [Oh-Ta℄, and
suessively in [Siu2℄, [Ber℄, [M-Va℄, is when the hermitian bundle E is the
at bundle CX and X is a bounded pseudoonvex domain. The situations
onsidered in [Siu2℄ and [M-Va℄ are redued by the authors to this partiular
ase. In all this works it is suient to prove rst the result in the ase
the weight funtion ϕ is smooth and then to extrat a weak limit solution.
This is always possible by the uniformity of the L2-estimate satised by the
holomorphi extensions.
In this partiular ase there is no trouble with the regularising proess
of ϕ sine the urvature assumptions redues to the pseudoeetivness of L.
We give a simple proof of this lassi ase in the appendix. However this
is not needed in our proof of the general geometri ase, so the reader not
interested with this partiular ase an skip this part.
In the ase E is not hermitian trivial the lost of positivity in the urvature
onditions our even in the ase E is holomorphially trivial and X is a ball.
This is due to the presene of the singular weight produed from the setion
σ in the urvature hypothesis. In the ase r := rk
C
E > 1 there is no
way known so far, of regularising a quasi-plurisubharmoni funtion ϕ by
produing an arbitrary small lost of positivity of the urrent
T := i∂∂¯(ϕ+ r log |σ|2) ,
even in restrition of the omplete Kähler manifold XrY . In the ase r = 1
the regularisation proess produes an arbitrary small lost of positivity of the
urrent T all over X r Y . This is possible by the Lelong-Poinaré formula.
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On the other hand by replaing |σ|2 with |σ|2+ε2 in the denition of T one
loses a xed amount of positivity over an open set {|σ| < λε}, depending on
the urvature of E. This lost of positivity an be handled by applying a new
perturbation method (inspired from the perturbation method introdued in
[Dem1℄) to the standard L2-theory.
This loal piture is very lose to the ase when X is a projetive variety
sine by subtrating a hyperplane setion H to X one an over XrH by an
inreasing family of oordinate pseudoonvex open sets. In the subsetion
3.1 we explain how our general positivity estimate simplies in the partiular
loal or projetive ase. Our proof of the general global ase (see the main
theorem 4 in setion 3) is based in large part on the previous works [Man℄,
[Dem3℄ in whih the authors onsider the global geometri ontext without
the presene of the singularities. In our global and singular ase there is an
extra lost of positivity due to the singularities of the weight ϕ. By replaing
the urrent T with the urrent
i∂∂¯
(





ϕ + ε2) we introdue a xed lost of positivity over an arbitrary
small neighborhood of the poles
ϕ−1(−∞) ∪ {|σ| = 0} .
Our new perturbed L2-method requires only the regularisation of the bounded
quasi-plurisubharmoni funtions ϕε, whih is a substantially simpler task
than the general ase onsidered in [Dem1℄ and [Dem2℄.
An other diulty is that we an not let ε→ 0 diretly in the proess of
weak limits extration. The reason is due to the fat that the starting holo-
morphi extension produed by standard L2-methods is not L2 with respet
to the weight ϕ. For this reason we need rst to onstrut a holomorphi
L2(e−ϕ)-extension. This is possible sine the almost Stein ondition provides
an arbitrary large amount of positivity τω > 0 required to absorb the er-
ror therm produed by the extension obtained by loal gluing. However the
holomorphi L2(e−ϕ)-extension F ′ onstruted in this way does not satisfy
an uniform L2-estimate. The estimate obtained in this way blows up when
the shape of the domains involved in the exhaustion inreases.
The extension with uniform L2-estimate is onstruted by applying the
previous ε-weak limit extration proess with initial extension F ′.
Allowing singularities requires a ondition on the weight ϕ with respet
to Y . This ondition is always satised for quasi-plurisubharmoni weights
of analyti type plus a ontinuous rest. We wish to point out that the reg-
ularising proess in [Dem2℄ produes only approximations of analyti type
plus a bounded rest, whih an be made smooth only after blow-ups. More-
over in the ase rk
C
E > 1 the subtle game of positivity lost and weak limit
extration does not allow to approximate a general weight ϕ in order to
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avoid the singularity ondition with respet to Y . As previously suggested
the extension result in the ase X projetive and rk
C
E = 1 an be obtained
(see subsetion 3.1) by slightly modifying the arguments in [Man℄, [Dem3℄.
In this and other partiular situations (see subsetion 3.1) the singularity
ondition on the weight is not needed.
In the last setion we establish as orollaries some extension results for
pluri-twisted holomorphi setions of singular hermitian line bundles over
projetive manifolds. We are able to perform our extensions from singular
varieties under an integrability assumption. The tehnique we use has been
invented by Siu [Siu1℄, [Siu2℄ and drastially simplied in [Pa1℄.
2 Basis of perturbed L
2
-theory
2.1 The abstrat existene result
We start by proving the following abstrat existene theorem on Hilbert
spaes (see also [Hör℄, [Dem1℄), whih part (B) will be quite ruial for the
rest of the paper.
Theorem 1 Let T : H1 → H2, S : H2 → H3 be losed densely dened linear
operators between Hilbert spaes suh that S◦T = 0 and let L : H2 → H2 be a
linear operator whith domain D(L) = H2 suh that for all v ∈ D(T
∗)∩D(S)
hold
(Lv, v) ≤ ‖T ∗v‖2 + ‖Sv‖2 . (2.1)
(A) Let g ∈ KerS admitting a onstant Cg > 0 suh that for all v ∈ H2 hold
|(g, v)|2 ≤ Cg(Lv, v) . (2.2)
Then there exist u ∈ D(T ) suh that Tu = g and ‖u‖2 ≤ Cg.
(B) Let Q : H2 → H2 be a self-adjoint operator, D(Q) = H2 suh that
Q2 = Q and denote by P : H2 → KerS the orthogonal projetion operator.
Let also g ∈ KerS and C > 0, δ ≥ 0 onstants suh that for all v ∈ H2 hold





Then there exist (u, h) ∈ D(T ) ×H2 with norm ‖u‖
2 + ‖h‖2 ≤ C suh that
Tu+ δPQh = g.
Remark. In the ase the linear operator L is nonnegative, it admits an
inverse and g ∈ KerS ∩ D(L−1) then one an hoose Cg = (L
−1g, g) in
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statement (A). In fat set 〈·, ·〉 := (L ·, ·). Then the Cauhy-Shwarz in-
equality implies
|(g, v)|2 = |〈L−1g, v〉|2 ≤ 〈L−1g, L−1g〉 · 〈v, v〉
= (g, L−1g) · (Lv, v) = Cg(Lv, v) .
The key point about statement (B) is that in the appliations a few quantities
depend on the parameters Q, δ with the exeption of C > 0 whih is always
uniform in Q, δ. This will allow to take weak limits in order to obtain a so-
lution of the equation Tu = g even when the estimate (2.2) is not available.
Proof of (A). The fat that S ◦ T = 0 implies (KerS)⊥ ⊂ KerT ∗, thus
D(T ∗) = (KerS ∩ D(T ∗)) ⊕ (KerS)⊥. The equation Tu = g is equivalent
to the ondition (v, Tu) = (v, g) for all v ∈ D(T ∗), whih in its turn is
equivalent with
(T ∗v, u) = (v, g) , (2.4)
for all v ∈ D(T ∗). By the other hand ombining the onditions (2.1) and
(2.2) we dedue the estimate
|(g, v)| ≤ C1/2g ‖T
∗v‖ ,
for all v ∈ KerS ∩ D(T ∗), thus for all v ∈ D(T ∗). This implies that the
map F : R(T ∗)→ C, F (T ∗v) := (v, g) is well dened on the range R(T ∗) of
T ∗, linear and bounded. Therefore there exist a unique u ∈ R(T ∗) suh that
F (T ∗v) = (T ∗v, u) for all v ∈ D(T ∗), whih is preisely the ondition (2.4).
Moreover ‖u‖ = ‖F‖ ≤ C
1/2
g .
Proof of (B). We onsider the losed and densely dened linear operator
T˜ : H1 ⊕H2 −→ H2 , T˜ (u, h) = Tu+ δPQh .
Clearly S ◦ T˜ = 0. We remark that the adjoint operator T˜ ∗ is given by
T˜ ∗(v) ≡ (T ∗1 , T
∗
2 )(v) = (T
∗v, δQPv), with D(T˜ ∗) = D(T ∗). In fat for all
u ∈ D(T ), v ∈ D(T ∗) and h ∈ H2 hold








T˜ (u, h), v
〉
= (u, T ∗v) + (h, δ QPv) .
By ombining the assumption on Q with the estimate (2.1) we dedue for
all v ∈ KerS ∩D(T ∗) the estimate(
(L+ δ2Q)v, v
)
≤ ‖T ∗v‖2 + ‖δ Qv‖2 = ‖T˜ ∗v‖2 .
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Then the onlusion follows from the proof of statement (A) by replaing T
with T˜ . 
The following elementary laims will be very useful in the proess of ex-
tration of weak limits.
Claim 1 Let (ul)l be a uniformly bounded sequene of funtions point-wise
onverging to u almost everywhere and (Fl)l ⊂ L
2(X) be a sequene of fun-
tions L2-weakly onvergent to F . Then the sequene (ulFl)l onverges L
2
-
weakly to uF .
Proof . We write
ul Fl − uF = ul Fl − uFl + uFl − uF = (ul − u)Fl + u(Fl − F ) .
Obviously the sequene u(Fl − F ) onverges to zero L
2
-weakly. For any
ψ ∈ L2(X) we remark the inequality∣∣∣∣∫
X
(ul − u)Fl ψ dV




The L2-weak onvergene implies supl ‖Fl‖
2
L2(X) < +∞. The dominated
onvergene theorem implies
∫
X |ul − u|
2|ψ|2 dV → 0. We dedue that also
the sequene (ul − u)Fl onverges to zero L
2
-weakly. 
Claim 2 Let (fk)k, (ϕk)k, ϕk ≤ c be two families of funtions suh that∫
X |fk|
2e−ϕk dV ≤ C and the sequene ϕk point-wise onverges to ϕ.
(A). Then there exist a L2(X, dV )-weakly onvergent subsequene (fl)l with
limit f , suh that
∫
X |f |
2e−ϕ dV ≤ C.
(B). Assume also ϕk+1 ≤ ϕk, let S ⊂ L
2(X, dV ) be a losed subset, let
Pk : L
2(X, e−ϕkdV ) −→ Sk := S ∩ L
2(X, e−ϕkdV ) ,
be the L2(X, e−ϕkdV )-orthogonal projetor and let P the analogue proje-
tor on S∞ := S ∩ L
2(X, e−ϕdV ) with respet to the weight ϕ. Then the
subsequene (Plfl)l obtained by (fl)l in (A), onverges L
2(X, dV )-weakly to
Pf .
Proof of (A). By L2(X, dV )-weak ompatness there exist a L2(X, dV )-
weakly onvergent subsequene Fl := fl e
−ϕl/2




2 dV ≤ C. By the other hand the uniformly bounded sequene
uk := e
ϕk/2
point-wise onverges to u := eϕ/2. The onlusion follows from
the fat that the sequene fl = ul Fl onverges L
2(X, dV )-weakly to f := uF
by laim (1).
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2e−ϕl dV ≤ C im-
plies that one an extrat a L2(X, dV )-weak limit g ∈ S∞ from the sequene
(Plfl)l. Let P
⊥
l be the omplementary projetors. We infer hl := P
⊥
l fl →








〈h, v〉 e−ϕ dV , (2.5)
for all v ∈ S∞ ⊂ Sl. The inequality
∫
X |hl|
2e−ϕl dV ≤ C implies by the proof
of statement (A) the L2(X, dV )-weak onvergene hl e
−ϕl/2 → h e−ϕ/2. By
the other hand the monotone onvergene theorem implies the L2(X, dV )-
strong onvergene v e−ϕl/2 → v e−ϕ/2. We infer (2.5). 
2.2 The geometri ontext
We explain now the geometri ontext related with the fundamental abstrat
inequality (2.1). Let (F, h) be a hermitian vetor bundle over a Riemann
manifold (M,g) (of dimension n) equipped with a h-hermitian onnetion
and let ∇ be the indued hermitian onnetion over the hermitian vetor
bundle ((T ∗M )
⊗p ⊗
R
F, 〈·, ·〉), where 〈·, ·〉 is the indued hermitian produt.
We remind that the trae of any linear map L : TM → TM ⊗R F is the
element in F identied by the map
TrL : ΛnTM → Λ
nTM ⊗R F , v1 ∧ ... ∧ vn 7→
n∑
j=1
v1 ∧ ... ∧ L(vj) ∧ ... ∧ vn .
Then for any F -valued 2-tensor α, we dene its trae Trg α with respet to
g by
Trg α := Tr[(IF ⊗ g
−1) ◦ α : TM → TM ⊗R F ] .
Moreover onsider the rst order dierential operator
∇ : E((T ∗M )
⊗p ⊗
R




dened by ∇α(ξ0, ..., ξp) := ∇ξ0α(ξ1, ..., ξp) for all vetors ξ0, ..., ξp ∈ TM,x.
The divergene of α is dened by the formula
divα (ξ1, ..., ξp−1) := Trg∇α(·, ·, ξ1, ..., ξp−1).
The formal adjoint operator of ∇ is given by the formula ∇∗ = − div. In fat
let β be a F -valued (p + 1)-tensor suh that the intersetion of its support
whith the support of α is relatively ompat and onsider the 1-form γ given
by the formula γ(ξ) = 〈α, ξ β〉 for all ξ ∈ TM . We prove rst the identity
div γ = 〈∇α, β〉 + 〈α,div β〉 . (2.6)
6
In fat let (ek)k be a loal g-orthonormal frame of TM suh that ∇ek|x = 0















〈∇ekα, ek β〉|x + 〈α,∇ek(ek β)〉|x
)
= 〈∇α, β〉 + 〈α,div β〉|x .
Let η ∈ E(M,TM ⊗R C) be the unique vetor eld suh that γ = η g.
By means of the partitions of unity we an assume that the support of γ is
ontained in an oriented oordinate open set U . Let Vg be the volume form
over U , ompatible with its orientation, indued by the metri g. With this





(Remark that the expression on the right is independent of the orientation.)
By the Stokes formula we infer
∫
M (div γ) dVg = 0 whih implies ∇
∗ = − div
by the identity (2.6). We prove now the formula (2.7). With the previous
notations we onsider the dual frame e∗k := ek g. Then Vg = ±e
∗
1 ∧ ....∧ e
∗
n.
The fat that ∇e∗k |x = 0 implies d(ek Vg)|x = 0 by the ovariant expression
of the exterior dierential (see formula (2.8) below with F = C ×M). By











j ∧ (ek Vg) =
∑
k
ek .γ(ek)Vg = (div γ)Vg .
The h-hermitian onnetion ∇F on F extends to a exterior derivation on
the sheaf E(ΛpT ∗M ⊗R F ) that we still denote by ∇F . The relation with the
operator ∇ is
∇F α(ξ0, ..., ξp) =
p∑
j=0
(−1)j ∇α(ξj , ξ0, ..., ξˆj , ..., ξp) . (2.8)
In fat by expanding the right hand side therm we get∑
0≤j≤p





(−1)jα(ξ0, ...,∇ξlξj, ..., ξ̂l, ..., ξp) .
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(−1)j+lα(∇ξlξj −∇ξjξl, ξ0, ..., ξ̂l, ..., ξ̂j , ..., ξp)
The fat that the Levi-Civita onnexion is torsion free allows to onlude.
We remark now that ∇∗F = ∇
∗
restrited to E(ΛpT ∗M ⊗R F ). In fat this
follows from the identity 〈∇F α, β〉 = 〈∇α, β〉, for all F -valued p-form α
and F -valued (p + 1)-form β. Let prove this identity. Let (θs)s be a h-




















K ⊗ θs ,







where Kˆj := (k0, ..., kˆj , ..., kp). By the other hand
































= 〈∇F α, e
∗
K ⊗ θs〉 ,
whih proves the required identity. In onlusion we have found the formula
∇∗F α = −Trg∇α , (2.9)
for all F -valued p-forms α. We assume now that the hermitian vetor bundle
(F, h) is over a Kähler manifold (X,ω) of omplex dimension n. In loal
omplex oordinates we will use the expression ω = i2
∑
k,l ωk,l¯ dzk ∧ dz¯l.
Let ∂F and ∂¯F be respetively the type (1, 0) and (0, 1) exterior derivatives









where the formal adjoint ∂∗F of ∂F is a (−1, 0)-degree operator and the formal
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adjoint ∂¯∗F of ∂¯F is a (0,−1)-degree operator. If A and B are two operators
on the bres of Λ•T ∗M ⊗R F then their braket is dened by the formula











an be onsidered as an operator on the bres of bundle Λ•T ∗M ⊗R F . In
fat we set ω∗ α := ω∗ α, where the ontration operator is dened by
(ξ ∧ η¯) α := ξ (η¯ α) = −α(ξ ∧ η¯, ·), for all ξ, η ∈ T 1,0X . With this
notations hold the basi Kähler identities
∂∗F = i[ω
∗, ∂¯F ] , ∂¯
∗
F = −i[ω
∗, ∂F ] . (2.10)
In fat let (z1, ..., zn) be holomorphi ω-geodesi oordinates entered at a
point x and set ek :=
∂
∂xk |x










αK,L ⊗ dzK ∧ dz¯L ,
be a (p, q)-form and set CK,L,r := ∇F,ζrαK,L ∈ Fx, CK,L,r¯ := ∇F,ζ¯rαK,L ∈



























The fat that the family of real vetors (ek, Jek)k is a g(x) := ω(·, J ·)(x)-
orthonormal base implies, by the formula (2.9), the expansion at the point
x





















K ∧ (ζ¯j ζ¯
∗


















































We infer at the point x the expressions
−i∂¯F (ω










r ∧ (ζ¯j ζ¯
∗
L) ,






CK,L,r¯ ⊗ (ζj ζ
∗














r ∧ (ζ¯j ζ¯
∗
L) , (2.13)
ombined with (2.11) implies the rst basi Kähler identity in (2.10). By the
other hand the expressions at the point x
i∂F (ω








r ∧ (ζj ζ
∗
K) ∧ (ζ¯j ζ¯
∗
L) ,











K)) ∧ (ζ¯j ζ¯
∗
L) ,
ombined with the onjugate of (2.13) and with (2.12) implies the seond
basi Kähler identity in (2.10).
We set now by (u, v)ω,h :=
∫
X 〈u, v〉ω,h dVω the L
2
-produt and by ‖v‖ω,h
the orresponding norm. For readers onveniene we give a proof of the
following fundamental result [Bo℄, [Kod℄, [Nak℄, [Dem1℄.
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Theorem 2 (L2-Bohner-Kodaira-Nakano Inequality). Let (F, ∂¯F , h)
be a holomorphi hermitian vetor bundle over a omplete Kähler manifold
(X,ω) suh that −Cω ⊗ IF ≤ i Ch(F ) for some onstant C > 0. Then the
L2ω,h-extension (in the sense of distributions) of the formal adjoint operator
∂¯∗F oinides whith the Hilbert adjoint of the L
2
ω,h-extension of ∂¯F and
([i Ch(F ), ω







for any v ∈ D(∂¯F ) ∩D(∂¯
∗
F ) ⊂ L
2
ω,h(X,Λ
p,qT ∗X ⊗ F ).
Proof . The Chern onnetion of F is dened by ∇F,h := ∂F,h + ∂¯F , with
∂F,h := h
−1 · ∂F ∗ · h. We infer ∂
2
F = 0. Thus the Chern urvature of the
bundle F satises the identity Ch(F ) = [∂F,h , ∂¯F ]. Combining this with the
basi Kähler identities (2.10) and with the Jaobi identity we obtain the
Bohner-Kodaira-Nakano identity ∆′′F = ∆
′
F + [i Ch(F ), ω
∗]. By integrating









F v, v)ω,h = (∆
′








ω,h + ([i Ch(F ), ω
∗]v, v)ω,h
≥ ([i Ch(F ), ω
∗]v, v)ω,h .
for all v ∈ Dp,q(X,F ). We extend now this inequality to L2-setions. For the
moment we denote by ∂¯∗F,fm the L
2
ω,h-extension (in the sense of distributions)
of the formal adjoint operator ∂¯∗F and by ∂¯
∗
F,Hb the Hilbert adjoint of the
L2ω,h-extension of ∂¯F . We remark rst
D(∂¯∗F,fm) =
{
u ∈ L2ω,h | ∃g ∈ L
2





u ∈ L2ω,h | ∃g ∈ L
2
ω,h : (v, g) = (∂¯F v, u) , ∀v ∈ D(∂¯F )
}
.





tity ∂¯∗F,fm = ∂¯
∗
F,Hb will follow immediately from the fat that for all v ∈
D(∂¯F ) there exist a sequene (ϕk)k ⊂ D suh that ϕk → v and ∂¯Fϕk → ∂¯F v
in the L2ω,h-norm. In fat the ompleteness assumption is equivalent to the
existene of a non-dereasing sequene of funtions χk ∈ D(X, [0, 1]) suh
that the family of ompat sets χ−1k (1) overs X and |dχk|ω ≤ 2
−k
. Thus
χkv → v and
∂¯F (χkv) = χk∂¯F v + ∂¯χk ∧ v −→ ∂¯F v ,
in the L2ω,h-norm. This allows to loalise the problem. The onlusion follows
by using partitions of unity and usual regularising kernels (ρε). From now




F,Hb. In the partiular ase
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v ∈ D(∂¯F ) ∩D(∂¯
∗
F ) the sequene (ϕk)k ⊂ D so far onstruted satises also
the extra ondition ∂¯∗Fϕk → ∂¯
∗
F v in the L
2
ω,h-norm. This ombined with the
inequality
([i Ch(F ) + 2Cω,ω









implies the required L2-Bohner-Kodaira-Nakano Inequality. In order to
prove this onvergene we remark as before that
∂¯∗F (χkv) = χk∂¯
∗
F v − (∂¯χk)
∗v −→ ∂¯∗F v ,
in the L2ω,h-norm. So we an assume that the support of v is ontained in
a oordinate open set trivialising the bundle F . The onlusion will follows
from the fat that
‖(∂¯∗F v) ⋆ ρε − ∂¯
∗
F (v ⋆ ρε)‖
2
ω,h −→ 0 , (2.15)
as ε→ 0. This is a straightforward onsequene of the Friedrih's lemma. 
Lemma 1 Let α ∈ Λ1,0T ∗X , u ∈ Λ
n,qT ∗X ⊗C F , v ∈ Λ
n,q+1T ∗X ⊗C F . Then
| 〈α¯ ∧ u, v〉ω,h |
2 ≤ |u|2ω,h 〈[iα ∧ α¯, ω
∗]v, v〉ω,h . (2.16)
Proof . We prove rst the identity iα¯∗ = [α, ω∗]. Let (ζk)k be a frame suh






k . We set for notation simpliity ζ
∗
K,L¯

























































K ∧ (ζ¯j ζ¯
∗
H) .
We expand the therm






















r ∧ (ζj ζ
∗















by the onjugate ontration identity (2.13). By the other hand
[iα ∧ α¯, ω∗]v = iα ∧ α¯ ∧ (ω∗ v) = −iα¯ ∧ α ∧ (ω∗ v) = α¯ ∧ α¯∗v ,
thus
|α∗v|2 = 〈[iα ∧ α¯, ω∗]v, v〉 . (2.17)
Then the onlusion follows by the Cauhy-Shwarz inequality
| 〈α¯ ∧ u, v〉 |2 = | 〈u, α¯∗v〉 |2 ≤ |u|2|α∗v|2 .

We explain now the ruial inequality required for the proof of the extension
results. This is due to [Oh-Ta℄, based on the previous works of [Do-Fe℄,
[Do-Xa℄. The original proof in [Oh-Ta℄ has been substantially simplied in
[Oh℄. The omputation in this paper indiates that this inequality an also
be obtained perturbing by a onformal fator the hermitian metri in the
lassi Bohner-Kodaira-Nakano Inequality. This has been also remarked
reently in [Pa2℄.
Lemma 2 (Perturbed L2-Bohner-Kodaira-Nakano Inequality).
Let (F, ∂¯F , h) be a holomorphi hermitian line bundle over a omplete Kähler
manifold (X,ω), let ε > 0 be a onstant, let η, λ > ε be two bounded smooth
funtions suh that
−Cω ≤ Θη,λh := η i Ch(F )− i∂∂¯η − λ
−1i ∂η ∧ ∂¯η ,














for any v ∈ D(∂¯F ) ∩D(∂¯
∗
F ) ⊂ L
2
ω,h(X,Λ
n,qT ∗X ⊗ F ).
Proof . Let ∂¯∗F,η be the Hilbert adjoint operator of ∂¯F with respet to the





In partiular D(∂¯∗F,η) = D(∂¯
∗
F ) by the existene of the onstants ε and C.
Moreover
i Cηh(F ) = i Ch(F )− i ∂∂¯ log η = i Ch(F )− η
−1i ∂∂¯η + η−2i ∂η ∧ ∂¯η .
The L2-Bohner-Kodaira-Nakano Inequality whith respet to the hermitian
metri ηh implies
([i Cηh(F ), ω






















By the identity (2.17) we infer(
























Then the onlusion follows by applying again the identity (2.17). 
Consider now the Hilbert spaes Hq+1 := L
2
ω,h(X,Λ
n,qT ∗X ⊗ F ), q = 0, 1, 2
and the losed and densely dened linear operators
Tu := ∂¯F
(
(η + λ)1/2 u
)
and Sv := η1/2 ∂¯F v .
We remark the identities S ◦ T = 0, T ∗ = (η + λ)1/2 ∂¯∗F , D(T
∗) = D(∂¯∗F )
and D(S) = D(∂¯F ). The Perturbed L
2
-Bohner-Kodaira-Nakano Inequality
(2.18) implies that the operators T and S satisfy the inequality (2.1) in the
abstrat existene theorem (1). We infer by the abstrat existene result 1
B the following orollary.
Corollary 1 In the setting of lemma 2, if g ∈ L2ω,h(X,Λ










for all v ∈ L2ω,h(X,Λ
n,1T ∗X ⊗ F ), (with ρ ≥ 0 a onstant) then there exist a





(η + λ)−1 in
2
u ∧h u¯ +
∫
X
|h|2ω,h dVω ≤ C .
This is the ase if g is of the type g = ∂¯η ∧ β, with β ∈ L2h(X,KX ⊗ F ) and
Θη,λh ≥ γ i∂η ∧ ∂¯η over an open set W ⊂ X ,
Θη,λh ≥ γ i∂η ∧ ∂¯η − ρ
2ω over X ,
with γ ≥ 0 over X and γ ≥ k−1 over the support of β for some onstant
k > 0. In fat by lemma 1 we dedue
| 〈g, v〉ω,h |
2 ≤ |β|2ω,h
〈
































with C = 2k n!
∫
X i
n2β ∧h β¯. Thus the fundamental inequality (2.19) hold
with Q being the harateristi funtion of the set X rW .
Hermitian norms of forms. Let (X,ω) be a hermitian manifold. Let
h∗ the orresponding hermitian metri over the omplex vetor bundle T ∗
X,J
.











We remind that if (V, J) is a omplex vetor spae equipped with a hermitian
metri h then the orresponding hermitian metri h
C
over the omplexied
vetor spae (V ⊗
R
C, i) is dened by the formula
2h
C
(v,w) := h(v,w) + h(v,w), v, w ∈ V ⊗
R
C,
where we still note by h the C-linear extension of h. Thus h
C
oinides with
the sesquilinear extension over V ⊗
R
C of the Riemann metri assoiated to
h. We infer the indued hermitian produt on the vetor bundle Λp,qJ T
∗
X is


















In partiular if α ∈ Λp,0J T
∗












We will need also the following lemma. (See [Dem1℄ for more general state-
ments.)
Lemma 3 Let (F, h) be a hermitian line bundle over a hermitian manifold
(X,ω) of omplex dimension n and let g ∈ Γ(X,Λn,qT ∗X ⊗ L), q ≥ 1 be a
measurable setion suh that∫
X
γ−1|g|2ω,h dVω < +∞ ,
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for some γ ∈ C0(X, [0, c]). Let also Θ be a smooth (1, 1)-form suh that
Θ ≥ γ ω and set Lωˆ := [Θ, ωˆ
∗] for any hermitian form ωˆ ≥ ω. Then hold the
inequalities
|g|2ωˆ,h dVωˆ ≤ |g|
2
ω,h dVω , (2.20)
| (g, v)ωˆ,h |




for all v ∈ L2ωˆ,h(X,Λ
n,qT ∗X ⊗ L).
Proof . Let (ζk)k ⊂ C

















∗ ∧ ζ¯∗J ,
with 0 < λ1 ≤ ... ≤ λn ≤ 1. We set λJ :=
∑
j∈J λj and ΛJ :=
∏
j∈J λj . For
all j ∈ J hold λj ≥ ΛJ , thus
λJ ≥ qΛJ . (2.22)
We remark now that dVωˆ = (λ1 · · ·λn)
−1dVω and
|g|2ω,h = (n+ q)!
∑
|J |=q








2 dVωˆ ≥ |g|
2
ωˆ,h dVωˆ ,
whih proves (2.20). The inequality (2.21) follows by ombining the Cauhy-





−1|g|2ω,h dVω . (2.23)
We prove now (2.23). The onjugate of the identity (2.13) implies







r ∧ (ζj ζ









∗ ∧ ζ¯∗j ∧ (ζ¯j ζ¯
∗
J) .




J if j ∈ J and ζ¯
∗
j ∧ (ζ¯j ζ¯
∗






∗ ∧ ζ¯∗J .
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The assumption Θ ≥ γω implies Lωˆ ≥ ωˆ,h γ[ω, ωˆ
∗] as operators, thus
L−1ωˆ ≤ ωˆ,h γ
−1[ω, ωˆ∗]−1 . (2.24)


















(λ1 · · ·λn)
−1λ−1J |gJ |
2 dVω
≤ q−1|g|2ω,h dVω .

Denition 1 A funtion ψ ∈ C0(X,R≥0) over a topologial spae X is
alled exhaustive if the open sets Xc := {ψ < c} are relatively ompat for
all c > 0. A omplex manifold X is alled weakly pseudoonvex if there exist
a smooth exhaustive funtion ψ suh that i∂∂¯ψ ≥ 0.
For domains Ω ⊂ Cn the above weak pseudoonvexity notion is equivalent
to pseudoonvexity. Note that every ompat omplex manifold is weakly
pseudoonvex (take ψ ≡ 0). We observe also that the open sets Xc are also
weakly pseudoonvex. In fat the funtion
ψc := log c− log(c− ψ) ,








over Xc. We remind the following basi result [Dem1℄.
Theorem 3 Let (X,ω, ψ) be a weakly pseudoonvex Kähler manifold. Then
the Kähler metri ω + i∂∂¯ψ2 is omplete.
We will note by Bpδ (0) ⊂ C
p
the p-times artesian produt of the dis Bδ(0) ⊂
C with radius δ and enter the origin.
Denition 2 (Singularity ondition) Let Y ⊂ X be a pure p-dimensional
omplex analyti subset of a omplex manifold X. Let ϕ ∈ L1(X,R) be a
quasi-plurisubharmoni funtion suh that restrition ϕ|Y is not identially
17
−∞ on any onneted omponent of Y . We say that ϕ is Y -admissible if the
following ondition hold.
Let U := Brε(0)×B
p
δ (0) ⊂ X be a oordinate open set with oordinates (z, ζ)
entered in an arbitrary regular point y ∈ Y suh that Y ∩ U = {z = 0} is
smooth. Set
Yz := {(z, ζ) | ζ ∈ B
p
δ (0)} ,
and let J (ϕ) ⊂ OX be the multiplier ideal sheaf assoiated to ϕ.




dζ ∧ dζ¯ < +∞ , (2.25)
there exist a zero measure set E ⊂ Brε(0) r {0} and ε
′ ∈ (0, ε) suh that the
map





dζ ∧ dζ¯ < +∞ ,
is ontinuous at the origin.
The Y -admissibility ondition is always satised for quasi-plurisubharmoni
funtions ϕ whih an loally be expressed as




2 + u ,
with c ∈ R>0, hj holomorphi, u ontinuous (this funtions are alled with
omplex analyti singularities) and suh that restrition ϕ|Y is not identially









the Y -admissibility follows from the dominated onvergene theorem, whih
an be applied thanks to the L2-assumption (2.25).
In the ase ϕ−1(−∞)ε,δ 6⊂ Y0 let f ∈ H
0(U,J (ϕ)) arbitrary. The assumption
Y0 6⊂ ϕ
−1(−∞)ε,δ ,
implies the existene of a blow-up map µ : (z, ξ) 7→ (z, ζ) suh that f ◦ µ ≃
zαξβ, up to an invertible fator and
ϕ ◦ µ = c log |ξγ |2 +R ,
with R ontinuous. This last equality follows from the fat that we an






is an invertible sheaf. Moreover we an also assume that the Jaobian J(µ)
















dξ ∧ dξ¯ ,
with g ontinuous and invertible.
3 The geometri singular L
2
-extension result.
Theorem 4 Let (L, h) and (E,H) be two holomorphi hermitian vetor bun-
dles of rank rk
C
L = 1, rk
C
E = r over a omplex manifold X of omplex
dimension n admitting a omplex analyti subset A suh that XrA is Stein,
let σ ∈ H0(X,E) suh that |σ|
H
≤ e−α, α ∈ R≥1 on X and
Y := Y 0 6⊂ A , Y0 := {x ∈ X |σ(x) = 0 ,Λ
rdσ(x) 6= 0} .
Consider also a quasi-plurisubharmoni funtion ϕ ∈ L1(X,R) suh that
the restrition ϕ|Y is not identially −∞ on any onneted omponent of Y .
Assume that ϕ is Y -admissible and the urvature urrent
Θ := i Ch(L) + i∂∂¯
(
ϕ+ r log |σ|2
H
)
satises the positivity assumptions




Then there exist a uniform onstant Cr > 0 depending only on r and on a
xed ut o funtion suh that for any setion f ∈ H0(Y,KX ⊗L), with the
L2-property





fσ ∧h,H f¯σ e
−ϕ < +∞ , (3.2)
where p := dim
C
Y = n− r and
fσ := f/(Λ
rdσ) ∈ H0(Y,KY ⊗ L|Y ⊗ Λ
rE∗|Y ) ,
there exist F ∈ H0(X,KX ⊗ L) suh that F = f over Y and













≤ CrIY (f, σ, ϕ) .



















≤ ε−2JX(F, σ, ϕ)
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for all ε ∈ (0, r). We observe also that the ondition Y 6⊂ A is always
satised in the ase X is a omplex projetive variety. Moreover in the
ase X projetive (or bounded pseudoonvex domain) and rk
C
E = 1 the
Y -admissibility ondition of ϕ is not needed (see subsetion 3.1).
In partiular geometri situations the urvature onditions (3.1) an be
drastially simplied and the Y -admissibility ondition an be dropped (see
the remark at the end of the subsetion 3.1).
Proof. The proof is divided in several steps.
A). The positivity estimate. We set
Sε := log(|σ|
2 + ε2) .












i∂∂¯ log |σ|2 +
ε2
|σ|2
i∂Sε ∧ ∂¯Sε . (3.4)
We onsider also the family of loally bounded funtions
ϕδ := log(e
ϕ + δ2)







i∂ϕδ ∧ ∂¯ϕδ . (3.5)
We introdue the following notation. Let U, V ⊂ X be two sets. We will
note UV := U r V . Let Σ := YY0 . We observe as in [Dem3℄ that the fat
that XA := X r A is Stein implies the existene of a omplex hypersurfae
Z ⊂ XA suh that ΣA ⊂ Z and YA 6⊂ Z.
Moreover if we set A′ := A ∪ Z then XA′ = XA r Z is also Stein and
YA′ is a smooth non empty subvariety of XA′ . So let ψ ∈ C
∞(XA′ ,R≥0) be
an exhaustive funtion suh that ω := i∂∂¯ψ > 0. We will onsider also the
Kähler manifold Xc := {ψ < c} ⊂⊂ XA′ equipped with the omplete Kähler
metri ωc := ω + i∂∂¯ψ
2
c . For all δ, τ > 0 we introdue the urrent over XA′
Θδ,τ := i Ch(L) + i∂∂¯(ϕδ + τψ + rSδ) .
Let K > 1 be a suiently big onstant suh that
i Ch(L) + i∂∂¯ϕδ ≥ −Kω ,
20
i Ch(L) + ri∂∂¯ log |σ|
2 ≥ −Kω ,
and Θδ,τ ≥ −K ωc over Xc. We infer by (3.4), (3.5) and (3.3) the inequalities
over XA′














i Ch(L) + i∂∂¯
(

























































The hypothesis Θ ≥ 0 implies






for all δ ∈ (0, ε). We introdue now the funtion χ : (−∞, 0]→ (−∞, 0],
χ(t) := t− log(1− t) ,
and we observe the trivial inequalities χ ≤ t, 1 ≤ χ′ ≤ 2, χ′′ = (1− t)−2. We
set ηε := ε− χ(Sε) and we remark the inequality ε− Sε ≤ ηε ≤ ε− 2Sε. In
partiular
ηε ≥ 2α ≥ αχ
′ ,
21
for ε > 0 suiently small. By deriving the identity ∂ηε = −χ
′(Sε)∂Sε we
infer the inequalities over X
−i∂∂¯ηε = χ



















i∂ηε ∧ ∂¯ηε − χ
′(Sε)Φε .
Thus if we set λε := χ
′(Sε)
2/χ′′(Sε) we infer the inequality
− i∂∂¯ηε − λ
−1
ε i∂ηε ∧ ∂¯ηε ≥
ε2
2|σ|2
i∂ηε ∧ ∂¯ηε − χ
′(Sε)Φε . (3.7)
Combining (3.6) with the positivity assumptions (3.1) and with the inequal-
ity ηε ≥ αχ
′
, we infer









for all δ ∈ (0, ε). This ombined with the inequality (3.7) yields
Θεδ,τ := ηεΘδ,τ − i∂∂¯ηε − λ
−1











i ∂ηε ∧ ∂¯ηε + τε,δ ω , (3.8)
with












and Kε := K(ε− 4 log ε) ≥ K > 1, for ε > 0 suiently small.
The lost of positivity lous.
Let τ ∈ (0, 1) and set Vδ := Xc ∩ {τε,δ < τ}. An elementary omputation

















τ |σ|2 + (τ −Kε)δ2
.
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Moreover the fat that the funtion ϕ is upper semiontinuous implies that
the set E′′δ is open. Let Uδ ⊂ Xc be the interior of X
′
c r Vδ. By elementary
fats about measure theory we infer the identity∫
(XcrVδ)rUδ
ωnc = 0 , (3.10)
whih will be very useful in step (C). We denote byΘεδ,τ,t the urrent obtained
by formally replaing ϕδ with ϕδ,t in the denition of Θ
ε
δ,τ . By (3.8) and
[Dem1℄, we infer the existene of a regularising family of loally uniformly
bounded from above (over X) smooth funtions (ϕδ,t)t>0 ⊂ C
∞(X,R) suh




i ∂ηε ∧ ∂¯ηε + (τ − µt)ω , (3.11)
over Uδ, with (µt)t>0 ≡ (µ
ε,δ,τ
t )t>0 ⊂ C
0(Uδ,R>0) suh that µt ↓ 0 loally
uniformly as t → 0. On the other hand by the denition of Θεδ,τ,t and (3.7)




i ∂ηε ∧ ∂¯ηε − k
2
c,ε ωc , (3.12)
over Xc, with kc,ε > 0 a onstant uniform in the parameters δ, τ and t.
Step B). Constrution of a L2-extension over Xc.
Let (Bj)j be a nite family of oordinate open balls Bj ⊂ Xc whih overs
Yc := Xc ∩Y suh that Bj ∩Y is a vetor spae with respet to the omplex
oordinates of Bj and the bundles KX and L are holomorphially trivial over
Bj . Let f˜j be a holomorphi extension of f over Bj . By using a partition of




θj f˜j ∈ C
∞(Xc,KX ⊗ L) ,




∂¯θj ∧ f˜j , thus ∂¯LF∞ =
∑
j
∂¯θj ∧ f = 0 over Y .
Consider now θ ∈ C∞(R, [0, 1]) suh that θ = 1 over (−∞, 1/2], θ = 0 over
[1,+∞) and |θ′| ≤ 3. We set Fε := θ(ε
−2|σ|2)F∞. We will solve the equation
∂¯LUε = ∂¯LFε
Uε |Y = 0.
(3.13)
23
In order to get Uε |Y = 0 we just need to inshur that the funtion |Uε|
2|σ|−2r
is loally integrable near Y sine the omplex odimension of Y is r. In this
way we will obtain a holomorphi setion Hε := Fε − Uε over Xc, whih
oinides with f over Yc.
The denition of Θεδ,τ,t ombined with the inequality (3.7) implies the exis-




i ∂ηε ∧ ∂¯ηε + ω , (3.14)
over Xc for all ε, δ, t ∈ (0, 1). We set h
′ ≡ hδ,τ,t := (|σ|
2 + δ2)−rh e−ϕδ,t−τψ.
By using the identity ε−2eSε = 1+ ε−2|σ|2 as in [Dem3℄, one an deompose
gε := ∂¯LFε = g1,ε + g2,ε, with
g1,ε := (1 + ε
−2|σ|2) θ′(ε−2|σ|2) ∂Sε ∧ F∞
= (1 + ε−2|σ|2) θ′(ε−2|σ|2)χ′(Sε)
−1 ∂ηε ∧ F∞ ,
g2,ε := θ(ε
−2|σ|2) ∂LF∞ .
We remark that the support of gj,ε is ontained in {|σ| < ε}, thus over this
set hold the trivial inequalities 2ε−2|σ|2 ≤ 2 and (1+ ε−2|σ|2)χ′(Sε)
−1 ≤ 2.
So by ombing the lemma 1 with the inequality 3.14 we infer the following
















ωc,h′ 〈Lεv, v〉ωc,h′ , (3.15)















the set Xc ∩ {|σ| < ε}. By putting all this together we infer for all v ∈
L2ωc,h′(Xc,Λ
n,1T ∗X ⊗ L), the estimate∣∣∣(gε, v)ωc,h′∣∣∣2 ≤ 2C ′ε (Lεv, v)ωc,h′ ,
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|σ|−2(r−1)e−ϕδ,t−τψdVω −→ 0 , as ε→ 0 .








Uε ∧h U ε |σ|
−2re−ϕδ,t−τψ ≤ 2C ′ε .
We need now the following estimate that we will prove in the step (D).
ηε + λε ≤ (5 +O(ε)) S
2
ε (3.16)





n2Uε ∧h U ε (|σ|
2 + ε2)−r e−ϕδ,t−τψ ≤ (5 +O(ε)) 2C ′ε .
Moreover the fat that the setion Fε has uniformly bounded norm and





n2Fε ∧ F ε (|σ|




ε−2rdV ≤ C ′(log 2ε2)−2 ,
for some onstants C,C ′ > 0 uniform in the parameters ε, δ, t. Combining




















2 + ε2)−r e−ϕδ,t−τψ
≤ 2 (5 +O(ε))C ′ε + 2C
′(log 2ε2)−2 , (3.17)
where αµ > 0 is a onstant depending only on µ ∈ (0, r/2) and α. By the
lemma 4, that we will prove in sequel, we infer the onvergene
lim
ε→0
Cε = n!8Kr IYc(f, σ, ϕδ,t + τψ) < +∞ (3.18)
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By weak ompatness we an extrat a weakly onvergent sequene Hεk with
limit Hδ,t as εk → 0. Moreover Hδ,t = f over Yc as follows diretly from the
denition of Bergman Kernel. The fat that (−Sε)
−1
is uniformly bounded
implies by laim 1
(−Sεk)
−1Hεk −→ (−2 log |σ|)
−1Hδ,t
weakly as εk → 0. By laim 2 (A), (3.17) and (3.18) we infer that the





















≤ 320Kr IYc(f, σ, ϕδ,t) .
By extrating a weak limit rst in the t-parameter and seond in the δ-
parameter, as permitted by laim 2 (A), we infer the existene of a limit






Hc,∞ ∧h Hc,∞ e
−ϕ−τψ ≤ 320Kr IYc(f, σ, ϕ) < +∞ .
C). Constrution of the global extension with uniform L2-estimate.
We set 〈·, ·〉δ,τ,t := 〈·, ·〉ωc,hδ,τ,t . Aording to step (B) the setion f admits a




Hc ∧h Hc e
−ϕ < +∞ , (3.19)
sine ψ is uniformly bounded over Xc. We set Hc,ε := θ(ε
−2|σ|2)Hc and we
obtain
∂¯LHc,ε = (1 + ε
−2|σ|2) θ′(ε−2|σ|2)χ′(Sε)
−1 ∂¯ηε ∧Hc ,
as in step (B). Let (Wδ,t)t>0 be a non-inreasing family of relatively ompat
open sets in Uδ suh that µt < τ over Wδ,t and Uδ =
⋃
t>0Wδ,t. So by
ombing the lemma 1 with the positivity estimate (3.11) as we did in (3.15)
we infer for all v ∈ L2δ,τ,t(Xc,Λ
n,1T ∗X ⊗ L)∣∣∣〈∂¯LHc,ε , v〉δ,τ,t∣∣∣2 ≤ 8θ′(ε−2|σ|2)2 |Hc|2δ,τ,t 〈Lεδ,τ,tv, v〉δ,τ,t , (3.20)








. Moreover the inequality
(3.12) implies in a similar way the estimate∣∣∣〈∂¯LHc,ε , v〉δ,τ,t∣∣∣2 ≤ 8θ′(ε−2|σ|2)2 |Hc|2δ,τ,t 〈(Lεδ,τ,t + k2c,εI)v, v〉δ,τ,t , (3.21)
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Hc ∧δ,τ,t Hc ,
we infer from (3.20) and (3.21)∣∣∣(∂¯LHc,ε , v)δ,τ,t∣∣∣2 ≤ 2Cεδ,τ,t ((Lεδ,τ,t + k2c,εQδ,t)v, v)δ,τ,t ,
with Qδ,t the multipliation operator by the harateristi funtion of the
set Xc rWδ,t. Let now Pδ,τ,t be the L
2
δ,τ,t(Xc)-orthogonal projetor on the
losed subspae
Ker ∂¯L ⊂ L
2
δ,τ,t(Xc,Λ
n,1T ∗X ⊗ L) ,
By orollary 1 we infer the existene of a solution (U εδ,τ,t, R
ε





















δ,τ,t dVωc ≤ 2C
ε
δ,τ,t .
By laims (2) and (1) we an extrat a weak limit in the t-parameter so as
to drop the dependene on t in the last two relations, with Qδ being the
multipliation operator by the harateristi funtion of the set Vδ. (Here
we use the relation (3.10).) Moreover we observe
lim
δ→0





Hc ∧h Hc |σ|
−2r e−ϕ−τψ < +∞ ,
by (3.19). We infer by laims (2) (A), (1) and the identity (3.9), the weak
onvergene Qδ R
ε
δ,τ → 0 as δ → 0. By laim (2) (B) we infer Pδ,τQδ R
ε
δ,τ → 0
weakly as δ → 0. By the laim (2) (A) we an extrat a weak limit Uε,τ as







Uε,τ ∧h U ε,τ |σ|
−2r e−ϕ−τψ






−2r e−ϕ < +∞ .
and solution of the ∂¯-problem ∂¯LUε,τ = ∂¯LHc,ε. The fat that ψ is uniformly
bounded from above over Xc allow us to extrat again a weak limit Uε in the









Uε ∧h U ε |σ|
−2r e−ϕ ≤ 2Cε (3.22)
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Moreover Uε |Y = 0 sine the omplex odimension of Y is r. In this way
we obtain a holomorphi setion F ′ε,c := Hc,ε − Uε whih oinides with f
over Yc for all ε > 0. Then the existene of the required L
2
-extension F ′c
over Xc follows from the same argument explained at the end of step (B).
The L2-estimate allows to take again a weak limit in the c-parameter in
order to nd a L2-extension F ′ over XA′ , whih in his turn extends to a
global holomorphi setion F with the required L2-estimate (with onstant
Cr = 320Kr).
D). End of the proof. We prove at this point the following elementary
fats needed in step (B).
Lemma 4 In the setting of the theorem 4 let F be an arbitrary ontinuous








F ∧h F |σ|
−2re−ϕ = Kr IY (f, σ, ϕ) ,
with Kr > 0 a onstant depending only on r and θ.
Proof . Let ω be an arbitrary hermitian form on TX . The onlusion follows




















where g := 1n! |F |
2
ω,h. We prove this last equality. Sine the problem an
be loalised we assume that E is topologially trivial over X. Let θ be an
H-orthonormal trivialisation of the bundle E, onsider s := θ ◦ σ : X → Cr







Λrds ∧ Λrds ∧ ωp
ωn
.
The fat that σ is holomorphi implies dσ = ∂σ over Y , whih in his turn







Λr∂s ∧ Λr∂s ∧ ωp
ωn
= {Λrds}2ω ,
over Y . Consider also
α := r! θ′(ε−2|z|2)2 |z|−2r ir
2




















r! θ′(ε−2|s|2)2 |s|−2r ir
2




g θ′(ε−2|σ|2)2 |σ|−2re−ϕdVX,ω .
















βe−ϕ = IY .
This is obvious in the ase ϕ is ontinuous. In the ase ϕ is Y -admissible it
follows diretly from the denition. 
We prove now the estimate (3.16) needed in steps (B) and (C). We observe
rst the inequality
Sε ≤ log(e
−2 + ε2) ≤ −2 +O(ε2) .
By multiplying both sides of this inequality by Sε (respetively 3Sε) we
obtain
S2ε ≥ (−2 +O(ε
2))Sε ≥ (−2 +O(ε
2))2 = 4−O(ε2) (3.23)
S2ε ≥ −6Sε +O(ε
2)Sε (3.24)
Combining the identity (χ′)2/χ′′ = (2− t)2 with the inequality ηε ≤ ε− 2Sε
we infer
ηε + λε ≤ 4 + S
2
ε − 6Sε + ε . (3.25)
We estimate the therms 4 and −6Sε in (3.25) respetively by means of the
inequalities (3.23) and (3.24). We obtain








sine S2ε ≥ −Sε ≥ 2−O(ε
2). We dedue the estimate (3.16). 
3.1 Simpliations of the proof in the loal or projetive
ase.
We explain now how our general positivity estimate of step (A) simplies
in the loal or projetive ase. In this setting we an assume that Xc is a
bounded pseudoonvex domain in C
n
. We will keep in part the notations
introdued in the step (A) of the general proof. We set
Θ˜δ,τ := i Ch(L) + i∂∂¯(ϕ+ τψ + rSδ) .
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We let K > 1 suh that i Ch(L) + i∂∂¯ϕ ≥ −Kω and Θ˜δ,τ ≥ −K ωc over Xc.











ηεΘ˜δ,τ ≥ τ˜ε,δ ω +
|σ|2χ′(Sε)
|σ|2 + ε2
Θ ≥ τ˜ε,δ ω + χ
′(Sε)Φε ,
for all δ ∈ (0, ε) and with




We dene Θ˜εδ,τ,t by formally replaing ϕ with ϕt in the denition of Θ
ε
δ,τ
given in step (A) and we set
V˜δ := Xc ∩ {τ˜ε,δ < τ} = Xc ∩
{
|σ|2 < δ2(Kε/τ − 1)
}
.
The same type of argument explained in step (A) implies that by means of
usual regularising kernels we an onstrut a family (ϕt)t>0 ⊂ C
∞(Xc,R)




i ∂ηε ∧ ∂¯ηε + (τ − µ˜t)ω , (3.26)
over the interior U˜δ of Xc r V˜δ, with (µ˜t)t>0 ≡ (µ˜
ε,δ,τ
t )t>0 ⊂ R>0 a family of
onstants suh that µ˜t ↓ 0 as t→ 0.
The rest of the proof in the loal or projetive ase follows, with the ob-
vious simpliations, the lines of steps (B), (C) and (D).
The ase rk
C
E = 1. In the ase X projetive (or bounded pseudoonvex
domain) and rk
C
E = 1, the Lelong-Poinaré formula allows to regularise
with arbitrary small lost of positivity over Xc. More preisely by using this
formula we dedue that the positivity ondition Θ ≥ 0 is equivalent to the
ondition
i Ch(L) + i∂∂¯ϕ− i CH(E) ≥ 0 .
In partiular Θ ≥ i Ch(L) + i∂∂¯ − i CH(E) ≥ 0. By using again the Lelong-
Poinaré formula we infer that the urvature ondition Θ ≥ α−1i CH(E) is
equivalent to the ondition
i Ch(L) + i∂∂¯ϕ− i CH(E) ≥ α
−1i CH(E) .
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So by means of usual regularising kernels we an onstrut a family (ϕt)t>0 ⊂
C∞(Xc,R) suh that ϕt ↓ ϕ as t→ 0 over Xc, a family of onstants (µ
′
t)t>0 ⊂
R>0 suh that µ
′
t ↓ 0 as t→ 0 and.
i Ch(L) + i∂∂¯ϕt − i CH(E) ≥ −µ
′
t ω ,




So if we set
Θˆτ,t := i Ch(L) + i∂∂¯
(




we infer one again by the Lelong-Poinaré formula the inequalities
Θˆτ,t ≥ (τ − µ
′
t)ω and Θˆτ,t ≥ α
−1i CH(E) + (τ − µ
′
t)ω , (3.27)






for µ′t < τ . The fat that the extension F∞ onstruted in step (B) of the




over the setXc∩{|σ| < ε} allows us
to onstrut a holomorphi extension over Xc. In fat by applying standard
L2-methods one an solve the ∂¯-equation ∂¯uc = ∂¯F∞ with respet to the
weight |σ|−2rh e−τ¯ψ and with τ¯ >> 0 suiently big to inshur
i Ch(L) + i∂∂¯(τ¯ψ + rSδ) ≥ ω ,
over Xc for all δ ∈ (0, 1). So we obtain an extension H
′
c := F∞ − uc and we
set H ′c,ε := θ(ε
−2|σ|2)H ′c.
By using the orollary 1 with respet to the omplete Kähler metri ofXcrYc
(see [Dem3℄) and with hermitian metri |σ|−2rh e−ϕt−τψ, we infer the exis-






over Xc with the adequate L
2
-estimate. (The solution U ετ,t extends over Xc
thanks to a standard lemma in [Dem3℄).
The argument at the end of step (B) implies the existene of a holomorphi
extension Ft,τ with the uniform L
2
-estimate
JXc(Ft,τ , σ, ϕt + τψ) ≤ CrIYc(f, σ, ϕt) .
By laim 2 (A) we an extrat a weak limit in the t-parameter so as to drop
it. The fat that ψ is uniformly bounded from above over Xc allow us to
extrat again a weak limit in the τ -parameter.
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Further developments. We learn from J.-P. Demailly that his regular-
ising tehnique [Dem2℄ my admit the following more geometri version. One
an expet the existene of holomorphi hermitian vetor bundles (Fk, hk)
and holomorphi setions fk ∈ H
0(X,Fk) suh that the approximations in






with uk smooth. By assuming this, one ould drop the Y -admissibility on-
dition on the weight ϕ in the more general situation X almost Stein and
rk
C
E = 1. In fat in this more general framework the extension result will
follow by replaing the standard regularisations ϕt with Demailly's approx-
imations ϕk in the positivity estimates (3.27). Then the onlusion will
follow by applying the orollary 1 as just explained, to the extension Hc,∞
onstruted in step (B) of the general proof with respet to the omplete
Kähler metri of the manifold
Xc r (Yc ∪ ϕ
−1
k (−∞)) .
This is possible thanks to the inequality (2.20).
Remark. As observed before, in the ase rk
C
E = 1 the urvature on-
ditions (3.1) are equivalent to the ondition
i Ch(L) + i∂∂¯ϕ ≥ (1 + kα
−1) i CH(E) ,
for all k = 0, 1. In the ase rk
C
E = r arbitrary, the urvature onditions 3.1
an be replaed by a muh less sharp ondition.
Theorem 5 Let (L, h) and (E,H) be two holomorphi hermitian vetor bun-
dles of rank rk
C
L = 1, rk
C
E = r over a projetive variety X of omplex di-
mension n, let ω > 0 be a hermitian form over X, let λ ≡ λωE,H ∈ C
0(X,R)
suh that
iCH(E) ≤ λIE ⊗ ω ,
let σ ∈ H0(X,E) suh that |σ|
H
≤ e−α, α ∈ R≥1 on X and set
Y := Y 0 , Y0 := {x ∈ X |σ(x) = 0 ,Λ
rdσ(x) 6= 0} .
Consider also a quasi-plurisubharmoni funtion ϕ ∈ L1(X,R) suh that the
restrition ϕ|Y is not identially −∞ on any onneted omponent of Y and
i Ch(L) + i∂∂¯ϕ ≥ λ(r + kα
−1)ω , (3.28)
for all k = 0, 1. Then there exist a uniform onstant Cr > 0 depending
only on r and on a xed ut o funtion suh that for any setion f ∈
H0(Y,KX ⊗L) with IY (f, σ, ϕ) < +∞ there exist F ∈ H
0(X,KX ⊗L) suh
that F = f over Y and JX(F, σ, ϕ) ≤ CrIY (f, σ, ϕ).
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Proof . The urvature ondition (4.5) allow to regularise ϕ with arbitrary
small lost of positivity over Xc. Then the urvature onditions (3.1) hold for
Θˆτ,t. This follows from the inequality
i∂∂¯ log |σ|2
H








4 Singular pluri-extension results.
In this setion we ombine the previous singular versions of the Ohsawa-
Takegoshi-Manivel L2-extension theorem with an invariane of plurigenera
tehnique invented by Siu [Siu1℄, [Siu2℄ and drastially simplied in [Pa1℄.
Theorem 6 (The odimension one ase). Let (L, hL) and (E, hE) be
two holomorphi line bundles over a polarised projetive manifold (X,ω) of
omplex dimension n. Let σ ∈ H0(X,E) and ϕL ∈ L
1(X,R) be a quasi-




< +∞ , (4.1)
with Y := Y 0, Y0 := {x ∈ X |σ(x) = 0 , dσ(x) 6= 0} and
i ChL(L) + i∂∂¯ϕL ≥ (1 + kα
−1) i CH(E) , (4.2)
for all k = 0, 1 and for some α ∈ R≥1. Let also (F, hF e
−ϕF ) be a pseu-
doeetive singular hermitian line bundle over X suh that the restrition
ϕF |Y is not identially −∞ on any onneted omponent of Y . Then for




e−ϕL−ϕF ωn−1 < +∞ (4.3)




L ⊗ hF and ΩX := ω
n/(n!) there exist a setion U ∈
H0(X,m(KX + L) + F ) suh that U = u over Y and∫
X
|U |2hme
−ϕL−ϕF /m ωn < +∞ .
Theorem 7 (The arbitrary odimension ase). Let (L, h) and (E, hE)
be two holomorphi hermitian vetor bundles of rank rk
C
L = 1, rk
C
E = r
over a polarised projetive manifold (X,ω), let λ ≡ λωE,hE ∈ C
0(X,R) suh
that
iChE(E) ≤ λIE ⊗ ω .
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Consider also σ ∈ H0(X,E) and a quasi-plurisubharmoni funtion ϕL ∈




< +∞ , (4.4)
with Y := Y 0, Y0 := {x ∈ X |σ(x) = 0 ,Λ
rdσ(x) 6= 0} and
i ChL(L) + i∂∂¯ϕL ≥ λ(r + kα
−1)ω , (4.5)
for all k = 0, 1 and for some α ∈ R≥1. Let also (F, hF e
−ϕF ) be a pseu-
doeetive singular hermitian line bundle over X suh that the restrition
ϕF |Y is not identially −∞ on any onneted omponent of Y . Then for




e−ϕL−ϕF ωn−r < +∞ (4.6)
there exist U ∈ H0(X,m(KX + L) + F ) suh that U = u over Y and∫
X
|U |2hme
−ϕL−ϕF /m ωn < +∞ .
In the ase the quasi-plurisubharmoni funtion ϕ is with omplex analyti
singularities we an assume muh sharp urvature onditions thanks to the
main L2-extension result 4. In fat hold the following result.
Theorem 8 (The analyti singularities ase). Let (L, h) and (E, hE)
be two holomorphi hermitian vetor bundles of rank rk
C
L = 1, rk
C
E = r
over a polarised projetive manifold (X,ω). Consider also σ ∈ H0(X,E)
and a quasi-plurisubharmoni funtion ϕL ∈ L
1(X,R) with omplex analyti
singularities suh that (4.4) hold over Y as in theorem 7. and
0 ≤ i ChL(L) + i∂∂¯
(








for some α ∈ R≥1. Let also (F, hF e
−ϕF ) be a pseudoeetive singular her-
mitian line bundle over X suh that ϕF is with analyti singularities and the
restrition ϕF |Y is not identially −∞ on any onneted omponent of Y .
Then hold the onlusion of theorem 7.
Proof. We will prove all this results at the same time. We an assume
supX ϕL = supX ϕF = 0. For all ν ∈ N let kν := max{k ∈ N : km ≤ ν},
qν := ν − kνm = 0, ...,m − 1 and Lm := m(KX + L) + F equipped with
hermitian metri hm. We hoose an ample line bundle A over X suh that
(A1) for all q = 0, ...,m− 1 the line bundle (q(KX +L)+A)|Y is base point
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free, globally generated by some family (sq,j)
Nq
j=1 ⊂ H
0(Y, q(KX + L) +A).
(A2) the restrition map H0(X,Lm +A)→ H
0(Y,Lm +A) is surjetive.
Let ΩY be the volume form over Y indued from the metri ω. We x
also a smooth hermitian metri hA on A and we note by | · |ν the norm of





















= C1 < +∞
With the notations introdued so far hold the following lemma.
Lemma 5 There exist a onstant C > 0 suh that for all ν ∈ N≥m there





Mν := Nqν suh that Sν,j |Y = u
kν ⊗ sqν ,j for all j = 1, ...,Mν and∫
X





ν , Bm−1 := 1 by onvention.
Proof . The proof goes by indution. The statement is obvious for ν = m by
the assumption (A2). So we assume it true for ν and we prove it for ν + 1.
Let δν = 0 if qν ≤ m− 2 and δν = 1 if qν = m− 1. We have
Lν+1 = KX + Lν + L+ δνF ,
and Hν+1 = Ω
−1
X ⊗Hν ⊗ hL ⊗ δνhF . The singular hermitian line bundle
(Lν + L+ δνF , HνB
−1
ν ⊗ hLe
−ϕL ⊗ δνhF e
−ϕF )
satises the analogue of the urvature onditions (4.2), (4.5) and (4.7) re-
quired to apply the singular versions of the L2-extension theorem stated in


















e−ϕL−δνϕF ΩX ≤ C0 IY, ν+1(s) ,
where C0 > 0 is a uniform onstant. We distinguish two ases.
Case I. In the ase qν ≤ m− 2 hold
Lν+1 = kνm(KX + L) + (qν + 1)(KX + L) + kνF +A ,
This implies that the setion
s := ukν ⊗ sqν+1,j ∈ H
0(Y,Lν+1) ,
j = 1, ...,Mν+1, (notie that in ase I hold qν+1 = qν + 1). This ombined




|ukν ⊗ sqν ,t|
2
ν ,
with the denition of the onstant C1 and with the assumptions (4.1), (4.4),
allow us to apply the previous version of the Ohsawa-Takegoshi-Manivel ex-
tension theorem in order to obtain the required extensions Sν+1,j .
Case II. In the ase qν = m − 1 hold Lν+1 = (kν + 1)Lm + A, whih
implies s := ukν+1 ⊗ s0,j ∈ H







with the denition of the onstant C1 and with the assumptions (4.3), (4.6),
allow us to apply the previous version of the Ohsawa-Takegoshi extension









(logBν − logBν−1)ΩX ≤ log −
∫
X
Bν/Bν−1 ΩX ≤ C
′ .











































By well known elementary properties of quasi-plurisubharmoni funtions
we infer that the L1-norm of the funtions ψk :=
1
k logBkm is uniformly
bounded. By the L1-ompatness of quasi-plurisubharmoni funtions we
infer the existene of a subsequene ψkj onvergent in the L
1
-norm and a.e
to a quasi-plurisubharmoni funtion ψ suh that
i Chm(Lm) + i ∂∂¯ψ ≥ 0 ,
and ψ|Y ≥ log |u|
2
hm
. This last inequality follows from the mean value in-
equality for plurisubharmoni funtions. Thus the deomposition
Lm = KX + (m− 1)(KX + L) + L+ F
shows that the singular hermitian line bundle(















satises the analogue of the urvature onditions (4.2), (4.5) and (4.7) re-
quired to apply the singular versions of the Ohsawa-Takegoshi-Manivel ex-






























follows from the Holder inequality applied to the nite volume measure
|Λrdσ|−2ω,hEe
−ϕL ΩY and the L
2
assumptions (4.3), (4.6). Thus we apply
the singular versions of the L2-extension theorem of the setion 3 in order
to get the required extension U . 
We infer the following immediate onsequenes of the theorem 6.
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Corollary 2 Let (L, h
L
e−ϕL ) be a pseudoeetive line bundle over a pro-
jetive manifold X and let Z ⊂ X be a hypersurfae suh the divisor −Z is










∈ H0(X,O(Z)) suh that div σ
Z
= Z and with h
Z
an arbitrary
smooth hermitian metri on O(Z). Let also (F, hF e
−ϕF ) be a pseudoee-
tive singular hermitian line bundle over X suh that the restrition ϕF |Z
is not identially −∞ on any onneted omponent of Z. Then for any








e−ϕL−ϕF < +∞ ,
with | · |
mL,F









e−ϕL−ϕF /m < +∞ .
Corollary 3 Let Z ⊂ X be a hypersurfae inside a projetive manifold X
and let (L, h
L
) be a smooth hermitian line bundle suh that some positive
multiple pL an be deomposed as pL = A + E where A is a semi-ample
line bundle suh that αA − pZ is also semi-ample for some α ∈ N≥1 and
(E, h
E










∈ H0(X,O(Z)) suh that div σ
Z
= Z and with h
Z
an arbitrary
smooth hermitian metri on O(Z). Let also (F, h
F
e−ϕF ) be a pseudoee-
tive singular hermitian line bundle over X suh that the restrition ϕF |Z
is not identially −∞ on any onneted omponent of Z. Then for any








e−ϕE /p−ϕF < +∞ ,
where | · |
m(L+Z),F











e−ϕE /p−ϕF /m < +∞ ,
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In partiular if Z is smooth and F is semi-ample then the restrition mor-
phism
H0(X,m(KX + Z + L) + F ) −→ H
0(Z,m(KZ + L|Z) + F|Z) ,
is surjetive.
Proof . We hoose smooth metris hA and hαA−pZ on A and αA−pZ respe-
tively with semipositive urvature. We equip O(Z) with the smooth metri
indued by hA and hαA−pZ and we apply in this setting the theorem 6. 
This last result should be ompared with the proofs and results obtained
in [Pa1℄, [Dem4℄, [Tak℄, [Ha-M℄, [Var℄, [Be-Pa1℄, [Be-Pa2℄.
5 Appendix
5.1 Proof of the lassi L
2
-extension result.
We give an essentially setion 3 self independent prove of the extension result
in the ase X ⊂ Cn is a bounded pseudoonvex domain and Y := Y0. The
hermitian vetor bundles (L, h) and (E,H) are assumed to be trivial (rk
C
E
arbitrary) and ϕ ∈ Psh(U), whith U ⊃⊃ X an open set. Let (ϕt)t>0 be a
smooth family of plurisubharmoni funtions suh that ϕt ↓ ϕ as t→ 0. By
(3.3) and (3.7) we infer
Θεt,δ := ηε i∂∂¯(ϕt + Sδ)− i∂∂¯ηε − λ
−1
ε i∂ηε ∧ ∂¯ηε ≥
ε2
2|σ|2
i∂ηε ∧ ∂¯ηε .
The anonial setion f admits a holomorphi extension F∞ whih an be
onstruted by lassi L2-theory methods. Consider now Fε := θ(ε
−2|σ|2)F∞
and the expression
∂¯Fε = (1 + ε
−2|σ|2) θ′(ε−2|σ|2)χ′(Sε)
−1 ∂¯ηε ∧ F∞ ,
Combining the lemma 1 with the orollary 1 (with ρ = 0) as we did in step
(B) of the general proof, we infer the existene of a solution Uε,t,δ of the









Uε,t,δ ∧ U ε,t,δ (|σ|






F∞ ∧ F∞ (|σ|
2 + δ2)−r e−ϕt .
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Uε,t ∧ U ε,t |σ|
−2r e−ϕt





F∞ ∧ F∞ |σ|
−2r e−ϕt .
We infer Uε,t |Y = 0 sine the omplex odimension of Y is r. In this way
we obtain a holomorphi anonial setion Fε,t := Fε − Uε,t whih oinides






n2Uε,t ∧ U ε,t (|σ|
2 + ε2)−r e−ϕt ≤ (5 +O(ε))Cε,t . (5.1)






n2Fε ∧ F ε (|σ|




≤ C ′(log 2ε2)−2 ,
for some uniform onstants C,C ′ > 0. Combining this with (5.1) we infer


















n2Fε,t ∧ F ε,t (|σ|
2 + ε2)−r e−ϕt
≤ (5 +O(ε))Cε,t + C
′(log 2ε2)−2 , (5.2)




Cε,t = n! 8Kr IY (f, σ, ϕt) < +∞ (5.3)
By weak ompatness we an extrat a weakly onvergent sequene Fεk,t
with limit F t as εk → 0. Moreover F
t = f over Y as follows diretly from
the denition of Bergman Kernel of the domain X. The fat that (−Sε)
−1
is uniformly bounded implies by laim 1
(−Sεk)
−1Fεk,t −→ (−2 log |σ|)
−1F t
weakly as εk → 0. By laim 2 (A), (5.2) and (5.3) we infer F
t
is the required
L2-extension with respet to ϕt. The onlusion follows by extrating a weak
limit in the t-parameter as permitted by laim 2 (A). Notie that in this very
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